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Abstract: The combustion of particles in a cloud can be very different from single 
particle combustion.  In addition to the size of the particles, the number density 
of particles or the mean distance between the particles plays an important role.  
Experiments show that if the distance between the particles in a cloud is large 
enough, particles burn in a similar manner to single particles.  However below 
a certain distance, particles form a common flame front.  In a parametric study, 
a hot-spot model is used to simulate the two burning regimes and to find the critical 
parameters for the transition between them.  The results are discussed with reference 
to the combustion of metalized, gelled and solid propellants and dust explosions.
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Introduction

The ignition, combustion and detonation of powders have recently gained 
increased importance because of investigations of the influences of nano-
particles dispersed in reactive gases [1-14].  These related phenomena and their 
relevant parameters strongly depend on the particle size and on the particle 
morphology, as well as on the distribution of the particles in a particle cloud.  
Of especial importance is the ratio of distance to diameter, which was proved in 
detail 50 years ago for liquid fuels [15-23] when the liquid fuel droplets were 
assumed to behave in a similar manner to bare (without oxide layers) metallic 
particles [24-26].  The current interest is based on various types of applications.  



70 S. Kelzenberg, S. Knapp, V. Weiser, N. Eisenreich

These include safety problems on storing, handling and processing in industry.  
Especially severe dust explosions might be expected [2-7] and could include 
deflagration to detonation transitions (DDT).  In solid rocket propellants, metal 
particles increase the performance and nano-particles enable a more flexible 
design, their conversion occurring predominantly in the hot gas phase [27-33].  
In explosion and detonation research nano-particles might substantially enhance 
blast due to reactions with entrained air in the expanding fumes [34-37].  The 
oxidation behavior of nano-particles is essentially dependent on the particle size 
[14], with strongly increased conversion rates [38-42] and could explain some 
of the observed phenomena, but the behaviour of nano-particles in clouds might 
also deviate from that of larger particles [2].

Consequently modelling is of particular interest and there have been some 
preliminary approaches with complex structures, which could describe particle 
ignition and the propagation of reaction fronts in porous energetic materials 
[43-46].  These use only the heat flow equation with simplified reaction 
mechanisms.  More developed approaches also include the reaction and diffusion 
of reactants.  This Hot-Spot modelling approach is suitable for theoretical multi-
droplet- or cloud-investigations [47, 48].  The model is substantially simplified 
and includes only the heat flow and diffusion equations in 3 dimensions for 
some species and a simple (0th order reaction) or even a complex chemical 
reaction model.  However until now, no detailed parametric studies have been 
performed.  The intensive use of the Hot Spot model qualitative investigation 
will be initiated in this paper for multi-droplets in an oxidizing atmosphere.  
Primarily, the influence of the fuel droplet distance to diameter ratio is studied 
using normalized parameters and kinetic data and compared with the results from 
a quasi steady-state model [49-51].  In particular, this investigation will be test 
whether the results can qualitatively reproduce the different combustion modes 
found in the transition from single droplet combustion to group combustion and 
sheet combustion in a particle cloud.

Quasi steady-state theory for multi-particle combustion

The ignition and combustion of particles – with the fuel in the liquid/
solid phase and the oxidizer in the gas phase or vice versa – has been widely 
investigated for liquid droplets, metal and coal particles.  The basic differential 
equations were summarized, for example, by Williams [49], Kuo [50] and 
Sirignano [51].  The solutions and the comparison with experimental results, 
and theoretical refinements of the description is still on-going research, actually 
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mainly carried out under microgravity (e.g. [51]).
These diffusion controlled, heterogeneous reactions are often described 

using a quasi steady-state approximation, where only transport phenomena 
are used.  The analytical procedure includes a chemical reaction between the 
fuel and the oxidizer, the heat transfer equation and the diffusion equations for 
a gaseous oxidizer (fuel) and an evaporating fuel (oxidizer) droplet, which can 
be represented by a Shvab-Zeldovich variable for one equation.  The simplified 
quasi steady-state theory is briefly outlined here (see [15, 49-51]).

It proceeds from the assumption that a vaporizing or burning droplet 
generates a flow field quasi-independent of time in the gas phase.

From the continuity equation
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Figure 1 demonstrates the kind of results which can be expected from 
calculations with the theory described above.  Some of them have been very 
successful, but, for example, the stand-off distance of the flame is given 
as too large.  One problem is to find reasonable values for the material 
parameters; therefore the results have often been given in arbitrary units or as 
dimensionless quantities.

   
Figure 1.	 Temperature and concentration profiles according to quasi steady-

state theory for a single droplet (rf flame radius, d droplet diameter, 
rf/d = 50).

For more than one droplet the differential equation can be written as:
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examples in Figure 2 show the concentration profiles of three droplets with 
different distances.  The position of the flame has fuel and oxidizer concentrations 
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equal to zero.  For short distances there is an overlap of the fuel concentration 
and the droplets are enclosed in a common flame.

    

Figure 2.	 Concentration profiles for three droplets at different distances 
(rf/d = 5, l/d ≈ 30, l/d ≈ 13, l/d ≈ 10).

The Hot-Spot-Model for fuel droplets in an oxidizing 
atmosphere

Hot-Spot-Modelling of the ignition and combustion of a multi-droplet 
cloud in an oxidizing atmosphere uses the heat flow equation simultaneously 
with the mass transfer equation and with the Green’s function approach in 
3 dimensions.  It includes a 2nd order reaction of a fuel with an oxidizer which 
converts these to a reaction product and generates heat according to the heat of 
combustion.  For such processes, the related partial differential equations have to 
be solved for temperature and for at least 3 species ci.  The transport coefficients, 
heat conductivity and species diffusivity are assumed to be independent of 
temperature and species concentrations.  These simplifications, however, enable 
a 3-dimensional calculation to be performed with substantially more than 106 
lattice points.

The fuel droplets or particles are assumed to be Gaussians and the oxidizer 
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complementarily fills the residual space.  The droplets can be distributed 
arbitrarily or regularly.  These Gaussians spread out by the diffusion equation, 
therefore it is only realistic for supercritical fluids [52], but a good approximation 
is obtained for qualitative approaches.  An instantaneously inserted temperature 
profile, mainly a Gaussian, initiates the reaction in the droplet cloud with the 
surrounding oxidizing atmosphere.

This means that heat and species are generated and consumed at the 
combustion front and distributed in the material and the burn-out zone. 
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where ρ is the density, cp the specific heat capacity and λ the heat conductivity, 
Di the diffusion coefficient for the i-th species and ci[x, t] the concentration of 
component i.  The equations describe the propagation of the scalar temperature 
field and the species fields in space and time in terms of the physical properties 
of the material and of the source terms on the right hand side.  The source terms 
comprise the chemical reactions, and the related heat and species generation 
and consumption.

In the case of the combustion of a fuel droplet (oxidation), the chemical 
reaction is exothermic, and consequently heat release occurs.  The source term 
of the energy release by the chemical reaction is given for a general reaction 
scheme by:
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with the rate constants ki,j given by the Arrhenius equation:

[ ] ],[
,,

txRT
E

jiji

A,i,j

eZTk
r−

= � (12)

Here, Zi,j is the pre-exponential factor, R the universal gas constant, T the 
temperature and EA,i,j the activation energy.  The Arrhenius equation gives the 
dependence of the rate constant ki,j of the chemical reactions on the temperature 
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T and the activation energies EA,i,j. 
The function f[ci,cj] in equation (11) depends on the reaction scheme to be 

modelled.  In the case of a chemical reaction of a fuel with an oxidizer generating 
the heat of reaction qreac, such as A + B → C (i = A, B, C), a second order reaction 
is assumed.  The heat output of the chemical reaction and therefore the source 
term for the chemical reaction energy release in the equation of heat transfer is 
given by:
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Without interdiffusion, both components, fuel and oxidizer, would develop 
at all positions x according to the solution of equation (11) for the proposed case 
of a 2nd order reaction:
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To start the combustion process of a fuel droplet and oxidizer mixture it must 
be ignited.  In the heat transfer equation a second source term on the right hand 
side must provide an energy input at a defined point in time and space.  This is 
called a Hot-Spot.  For example, it can be described by a 3D-Gaussian-function 
at position (x0, y0, z0):
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Including the initiating hot spot at t0 and the heat of reaction in the equation 
of heat transfer, results in:



76 S. Kelzenberg, S. Knapp, V. Weiser, N. Eisenreich

[ ] [ ] [ ] [ ]txQtxQtxT
t
txTc reachsp ,,,, ′+=∆⋅−

r&r&r
r

λ
∂

∂ρ � (21)

The fuel droplets are introduced by an ensemble of n Gaussians:
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Without a chemical reaction (Q̇reac[x', t]) the problem can be solved 
analytically and several analytical and numerical methods are known [49].  
However the non-linearity of the Arrhenius term prevents an analytical solution.  
Therefore, only a numerical method can be applied in this case.  In order to 
avoid the current, cumbersome methods of numerically solving differential 
equations, the method of Green`s function is used, where a numerical integration 
is performed.  This is a faster and a more stable process and enables complex 
geometries generated by the reaction of the individual particles to be involved.  
If the appropriate Green’s function for the homogeneous problem is known, it 
only has to be convolved with the source term of the differential equation in the 
case of infinite space. 

The Green’s function in infinite space for the differential equation above in 
three dimensions is a Gaussian-like function (κ = λ/(cpρ)) [53].
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For the initiating Hot Spot, the solution reads for infinite space and 
no reaction:
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and for the fuel particles:
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With chemical reaction and heat release:
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The profiles of oxidizer, fuel and reaction product proceed in an 
analogous way:
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The numerical solution starts with the initial temperature profile of the Hot 
Spot (see equation (20)) and the fuel/oxidizer distributions (see equation (22)).  
It then uses time increments Δt to obtain, at these stages, the development of 
the species concentrations and the related heat for all positions, and the related 
temperatures from equations (16)-(19), and sums up these values to give initial 
profiles.  Therefore the numerical solution uses an iteration algorithm mainly 
consisting of three steps.  The first step generates the initial temperature and 
species profiles, as described above, resulting from the initially given igniting hot 
spot (equation (28)) and the n particles of both types, the fuel A (equation (29)) 
approximated by 3D-Gaussians and the oxidizer B as a background (equation 
(30)):
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In the second step, the progress of the chemical reaction, equations (26) and 
(27), for a small time increment Δt is calculated generating:
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These temperature and species profiles are assumed to be instantaneously 
inserted, each being multiplied by the Dirac Delta function δ(t).  The third step 
is to calculate the solution of the transport equations.  This calculates the heat 
and mass diffusion for that same time increment Δt by convolution of the related 
profiles and the Green’s functions.
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The integral, via dt', results in the integrand itself, because of the Dirac Delta 
function.  The numerical procedure e.g. 3D Gaussian Quadrature [54], performs 
the spatial integral on a 3D lattice.  In case of steep gradients and short time 
intervals, and the correlated squares of the lattice node distances Δx2, the Green’s 
function is of small width and strongly reduces computing time because of the 
reduction of the integral intervals to those sections where the Green’s function 
GU ≠ 0.  The spatial integrals in principle reach over infinite space.  According 
to the boundary conditions of the limited sizes of a real sample, the energy 
(temperature) and species will be reflected at the boundaries of the sample by the 
use of mirror sources beyond the boundaries.  The integral then only extends over 
the sample dimensions.  This approach avoids the use of boundary conditions in 
the Green’s function, normally needed for the Green’s function in limited space.  
In the case of fast reactions and steep profiles of temperatures and species, the 
width of GU is small compared with the size of the included space at adequate 
Δx2/Δt.  This means that, in a numerical solution of equation (21), the integration 
has to include only a small section of the total space adjacent to the maximum 
of GU (GU ≠ 0).

T3 → T1 and c3.i → c1,i form the new profiles to start the iteration with a further 
increment Δt according to equations (32) - (35) by including contributions of 
the chemical reaction terms.  Steps 2 and 3 are repeated iteratively.  Step 1 can 
be included as often as new hot spots occur from an external heat source, but 
this is not the case here. 

Summing up all lattice nodes, where conversion is complete, defines 
a conversion rate, which in a linear progression can be considered as a burning rate.

The calculations result in three-dimensional temperature and concentration 
profiles for each time increment, and in the heat output and position of the 
reaction front over time; the plots are mainly two-dimensional cross sections 
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of these profiles.
The model does not include any convection or radiation.  Finally, three types 

of parameters are necessary to run the Hot-Spot model in the version described:
•	 Initial distributions of fuel (or oxidizer) particles, an initiating temperature 

profile e.g. one or more Hot Spots.
•	 Material parameters: density, heat capacity, heat conductivity, diffusion 

coefficients for the species.
•	 Reaction parameters: heats of reactions, Arrhenius parameters (pre-

exponential factors, activation energies).

Results of Hot-Spot calculations
The aim of the actual calculations was the simulation of the influence of the 

size of particles and the distance between them on the combustion behaviour 
in a cloud.  The first step was to establish a representative distribution of fuel 
droplets.  We chose 10 × 10 droplets of equal size in a quadratic configuration with 
equal distances in the x- and y-directions.  Although this is only a 2-dimensional 
distribution, the effects should be clearly visible, the graphical representation is 
much easier and the calculations were much less time consuming than for a real 
3-dimensional distribution. Ignition was simulated by a single hot-spot located 
either at the lower left hand corner of the droplet arrangement or in the centre of 
the droplet cloud.  Material and reaction parameters were chosen to form a running 
system.  In each series of calculations, the distance between the particles was 
varied and expressed as the l/d ratio.  Figure 3 shows the development of the 
temperature profiles of the first series of calculations, with ignition at the lower 
left hand corner of the ensemble, after specific time intervals.  Calculations were 
done for l/d ratios of: 0.5, 0.8, 1.0, 1.2, 1.5, 1.6, 1.7, 1.8, 1.9, 2.0, 2.2, 2.3, 2.4, and 
2.5.  Figure 3 presents the results for ratios of 0.5, 1.2, 1.6, 2.0, and 2.4.  At the 
lowest l/d ratio, essentially no reaction occurs inside the cloud, but the reaction 
starts at the ignition point and propagates around the border of the ensemble.  
With increasing distance between the fuel droplets, which corresponds with an 
increasing amount of oxidizer between the droplets, reaction inside the cloud 
occurs.  At an l/d ratio greater than 2, the fuel inside the cloud is completely 
consumed.  With an l/d ratio greater than 2.4, the distance between the droplets 
becomes too large for propagation of the reaction. 
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Time
interval

l/d = 0.5 l/d = 1.2 l/d = 1.6 l/d = 2.0 l/d = 2.4

t=10

t=30

t=50

t=100

Figure 3.	 Development of temperature profiles after a certain number of time 
increments for l/d ratios = 0.5, 1.2, 1.6, 2.0 and 2.4, ignition at the 
lower left hand corner of the ensemble.

In a second series of calculations, the ignition position was changed to the 
center of the cloud.  Figure 4 shows the temperature profiles resulting from these 
calculations.  The main difference is that the reaction cannot propagate before an 
l/d ratio greater 1.4 is reached, because of the lack of oxidizer inside the cloud.  
On the other hand, the reaction can also run at l/d ratios greater than 2.4.  The 
maximum distance for this configuration was 2.7. 
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Time
interval

l/d = 1.4 l/d = 1.7 l/d = 1.9 l/d = 2.3 l/d=2.7

t=10

t=30

t=50

t=100

Figure 4.	 Development of temperature profiles after certain number of time 
increments for l/d ratios = 1.4, 1.7, 1.9, 2.3 and 2.7, ignition at the 
center of the ensemble.

Discussion and Conclusions

A comparison of the results of the quasi steady-state theory and the Hot-
Spot-Model shows that they describe the same phenomenon of a common flame 
front for droplet clouds with a high density of droplets.  But the Hot-Spot-Model 
can show more detail because of its transient nature.  In the literature [22, 23], 
a phenomenological classification has been described, which distinguishes 
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between four burning regions: external sheath combustion, external group 
combustion, internal group combustion and single droplet combustion.  In 
our Hot-Spot calculations we could see only two of these, external sheath 
combustion and single droplet combustion.  The reason for this is the statistical 
nature of a real droplet cloud.  In our calculations we tried a regular distribution 
first.  In statistically distributed droplets, the distance between the droplets 
varies.  Therefore, zones of higher and lower droplet concentrations can exist, 
which can react in different ways resulting in the two burning regions of group 
combustion.  With statistical distribution the Hot-Spot-Model can perhaps 
show these phenomena.  As no phase transitions are considered, the process of 
evaporation within the cloud cannot be simulated.  The explicit representation 
for the burning of isolated droplets and their progression in a cloud needs more 
finely tuned parameters, work which will be attempted in the future.  It will also 
include the use of realistic parameters. 
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